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PLANE NETS PERIODIC OF PERIOD 3 

UNDER 

THE LAPLACIAN TRANSFORMATION. 



Introduction 



The analytic basis for the projective theury of a i.iet of plane curves as developed 
by Professor Wilczynski ') is briefly as follows: 

Let the homogeneous coordinates of a point in a plane be given as functions of 
two independent variables, u and v, so that 

(I) y" =/'»(«,») (i=., ., ,). 

The equations u = const, and v = const, will then in general give rise to two one- 
parameter families of plane curves which together constitute the net under considera- 
tion. This nee will degenerate if and only if the determinant 





Z)^ 


f" yv y 
y;' >■!:' y 


aoishes identically. 
Every parametric 


representation c 


>" y y 

f form (j) 



on-degeneratc net of plane 
curves determines a unique system of partial differential equations of the form 

iy„.. = ^y„ +^T„ +0'^ 

of which ;y''', y^" , y'-^' are a fundamental system of solutions and whose iutcgrahility 
conditions are s;itisfied on account of the assumptions made on y''\ ji"', y'". 

Conversely, the members _y'", _y''', ji'" of any fundamental system of solutions 
of a completely intcgrable system of form (2) may be interpreted as the homogeneous 
coordinates of a point in a plane, thus defining a non-degenerate plane net. The net 



') E. J. WiLCZVKsm, Om-Paravieter Families and. S'ets of Plane Curves LTr^nsjctioiis ortbe Ame- 
1 Mathematical Society, vol. XII (1311), pp. 473-510J. 
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A' = a- — -•-!., B- = b'~ 


;/.. 


A" = a", B" = b" - 


--;/. 


It is easy to verify that 





defined by any other fLindamentnl system of (2) will then be x projective transfor- 
mation of this first one. 

The system of partial dilTerential equations (2) may be transformed into a cano- 
nical form whose coefKcients depend only upon the rations of the homogeneous coor- 
dinates y''', y , ^''' of the net and not upon their absolute values. This canonical 
form may be obtained as follows: If we make the transformation 

(3) y ~ ^(", v)y, 

where 

A ^i; const. C 
f being defined by the equations 

a + fc'=/,,, a- + b" — /„, 
the resuhing system is said to be in its canonical form. We find the following values 
for the coefficients of the canonical form ") of the system : 
A = a — |/,, B = b, C=c-\- -;-«/., + -'-bf^ ~ ^/,„ — j/:, 

c ^ ,' + ^aj„ + -'-b'f^ - -;-/„^ - ;/„/„ 

C"-r" + j^"A+- t■X-■;A.,-i/:■ 
^ + B' ^ 0, A' -{- B" = o, 
and these conditions are characteristic of the canonical form. 

The coefficients A, B, C, -■. of a system in its canonical form are seminvariants 
of system (2). That is, their values are not changed by any transformation of the 
form ji =^ Xy where 1 is an arbitrary function of it and v. It is this fact which proves 
that A, B, C, are functions of the ratios y*-'^ : y''^' : y^^'' only. The fundamental cova- 
riants ^) of the system (2) are y and 
(4) f = y^-~b'y, n^y^,~a'y. 

The integrability conditions for a system in its canonical form are 

!K + K + C' -i-A-B' — A" B = o, 
B^~ Bl = — C^ 23" + 2A-B, 
C„ ~ Cl = 2B'C' + A-C— B C", 
4'„ —^',1= C" ~2A" — 2A"B', 
q — Ci = — 2 A' C -\~ A"C~ B' C" ^). 

The transformation of the form 
(6) u= U(u\ v= V(y), 

where U and V are arbitrary functions of the single variables indicated, do not alter 

') loc. cit, ■). P- A1<>. 

3) loc. cit. '), p. 477. 

4) loc, dt. '), p. 478. 
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the net but merely clianf;e its analytic representation. The following seven quantities ^) 

/ « = B, e = c — s; — 2 S" + ^' J5, 

(7) 3r :^A'^ -^ f.„ m--=B' + |-4, S' = C + A'B', 

[w ^A", e" = c- ~a:^~2A"^a-'B', 

are left invatiaot (except for a factor) by ail transformations of the form (6). Moreover 
these seven functions determine the net completely, except for projective transforma- 
tions, and are therefore called the iundamental invariants of the net. All other inva- 
riants of system (2) are functions of these and of their partial derivatives. 

The integrability conditions (j) may be written in the following form ^) 

/ ^H' ~J"B- H~K = 
\ S ~[- B^ - 5 ^' B = 

(8) , { e., - K„ — 3 KB' + BK" . 

a- -^ A';, — jJ'-B' -- 

\ e;,' - //, — 3 HA' + ^■' E = o, 

in terms of the invariants (7) and ilic two further invariants 

(9) H=C ■^\-A'B' ~ A[, K= C + A-B' - B[, 

which, although not independent of the seven invariants (7), are of special importance. 
In fact they are the only ones which had received systematic attention before the 
appearance of Professor Wilczynski's paper, being essentially identical with the inva- 
riants h and li of the equations of the form 

axdy dx ' dy 

An extensive theory of these equations was begun by Lai^lace and built up by 
Darroux ^). The geometric interpretations used by Dahboux however were all con- 
nected with the theory of conjugate systems of curves on curved surfaces and not at 
all with the theory of plane nets. 

For given values u^ and v^ of u and v the quantities y'''\ y^', j'", defined by 
equations (i) are the homogeneous coordinates of a point P through which pass two 
curves of the net 11 = n^ and v ^^ v^, respectively. If we substitute successively the 
three values of y in (4) wc get three corresponding values p^, p^, p of p which de- 
fine a point P of the line tangent to the curve z! ^ t^^ at P . In a similar manner 
the point P^ is defined on the line tangent to the curve u =^ u^ at P^.. As u and v 
vary separately the point P^ describes certain curves, thus giving rise to a new net 



S) loc. cit. '), equations (zi). 
^) loc. cit. '), equations (j4). 

7) G. Darboux, Lefons mr la thdorU gi^nirak dcs surfaces el les appUcalioiis giomiiriqius du 
Cnkui inpiiU'si'ii-d, II' Partie (Paris, Gautliier-Vi liars, iSSci), 
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called the first Laplacwti Iransform of the original net. Similarly the net determined 
by P^ is called the minus first l.A.VL\cian transform. 

The tangent to the curve u = const, of the original net at P is at the same 
time tangent to the curve v == const, of the first LAPi..A.cian transform at P^. Similarly, 
the tangent to the curve v = const, of the original net at P is tangent to the curve 
« = const, of the minus first LAPLAcian transform ;it P . The first LAPLACian trans- 
form of the p-net and the minus first LAPLACian transform of the T-net both coincide 
with the original j'-net. We shall not write down the systems of partial differential 
equations for the LAPLACian transforms except for the particular case which interests 
us in this paper ). 

Let us use the triangle P^P^P^ as a local triangle of reference. More specifically, 
we introduce a local system of homogeneous coordinates such that any expression of 
the form 

'.y" + '.i"' + ','"' (»-., ^, J). 

will represent a point whose coordinates referred to the local coordinate system are 
proportional to x^, x^, x , respectively. If we use this coordinate system the equa- 
tions of the conies which osculate tlie curves f =: const, and ii =:; const,, respectively, 
at the point P have the form ^) 



(:o) 


iM — Wxl ~\- 4^^-x^x^ — aSar.x, -j-<fx 


\n='1^x\-\-4^-Wx^x^-\- n"'xl — 2^", 


respectively, ■ 


where 




j(p — S _4ss"-[- 2©;, -|- 6S6'5' 




j^ = e" — 421" +2Si;-f 6WJ- 



In this paper we consider a certahi class of nets, characterized by the invariantive 
conditions & =^ iS." :=^ o. In general these nets are periodic of period 3 under the 
LAPLACian transformation. We shall study the seminvariants and invariants of such 
nets and their osculating conies both for the original net and for those obtained from 
it by the LAPLACian transformation. We shall show just what the geometric elements 
are which determine a net of this kind giving rise to an existence theorem of a very 
interesting type. 

Finally, we shall study more in detail a special case in which all of the curves 
of the net are conies and uhere the additional conditions ii = K = o are imposed. 

The author takes this opportunity of expressing his indebtedness to Professor 
WiLCZYNSKi for the inspiration which led to this subject and for the advice so gene- 
rously given during the preparation of this paper. 



'') For the general formukt ss 
a) loc. cit, '), pp. 503, S04. 
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The system of partial differential equations and the invariants for 
nets periodic of period 3 under the Laplacian transformation 

If the first LAPLrtciaii transform of die c-net be the f-net, and if the minus first 
transform of the p-nct be the T-net we have a closed system of nets containing the 
original net, its first and minus first LAPLAcian transforms. Symbolicdly, if L denotes 
the LAPLACum transformation, we should then h:ive 

L0') = ', i'0') = iW = f. -t'0') = i(f) = j, 

i-'0') = ?, i-C)') = i-(e) = ', i-W = i-'W = ).. 

A net which satisfies these conditions would be periodic of period 3 under the Ia- 
PLAcran transformarion. 

Thi necessary and sufficient conditions for a net to be periodic of period ) under ihi 
LAPLACian transformation are- 

(12) ^ = 0, e" = o, 

(12 J H^o, K^=o. 

To prove this we compute the covarianCs of the first and minus first I.APLACmn 
transforms. The covariant of the c-net which corresponds to the covariant a of the 
)'-net is 

From the general formulse ^*') we have 

(13) ■a\ = A' + 1f, .„ = (£", + ^"f ^2/f=, 

whence 

«, = !£">'-[§ + J^']' + '('•p. 
Similarly we find 

Thus the point Pa, will be on the line joining P^ to P if and only if E" = o, and 
the point Pp_, will be on this line if and only if E = o. But if © = S" = o we 
obtain from (8.) and (8), provided H^o and K ^ o, 

(14) -j^-\-3A' = o, -^-[-^B' = o, 

and consequendy 

and these equations prove our theorem. 



'") loc. cit. '), equations (4;) iind (9)), 
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From equations (12), (8J, (8^) we obtain tile relations 
^ s ar B, ., J" 

OS) i''=T- 3 «■ = :,;;. 

It follows then from equations (14) and (ij) that 

H. , B. K, , J'' 

-H+-B= "' K + :?-• == °' 

whence 

IIB = ".((0, A' J" :=H^)' 
if c and 'li are arbitrary functions of w and v done, respectively. 

The products HB and K A" are relative invariants. If we apply tlie transforma- 
tion (6) they arc transformed into 

If, therefore, we choose U and V so that (f/')' = VC'O ■'"'^ (^')' ^ 4" (^') we have 

Since tliis transformation does not involve the geometric properties of the net, but 
merely determines in part a special form of its parametric representation, we may 
assume iliis transformation to liave been made at the outset, so that we shall have 

We may now express all of the coefficients of the canonical form in terms of 
the two seminvariants B and A" (these quantities are also invariants). In fact, using 
the equations (7), (8), (12), (ij), (16), we find 

J A- ^A ' 5 ' 

\ 3^ 9B J 

From equations (9) and (16) we obtain the two further conditions 
' a" log A" 



(18) 



il,. -'''''' A^ + T 
dwdi' ' A" B 



On the other hand, if we consider a system of partial differential equations in 
the canonical form 

()'.. = -ffy. + «j„ +Cj, 
(■9) T..= ^■y. + B'y. + C,, 
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whose coefficients satisfy the conditions (ly) and (18) we find tliat die integrability 
conditions (5) are identically satisfied and that ^^=^" ::= o. Hence we may formulate 
the following theorem; 

if the coefficients of a system of partial differential equations of the form (15) satisfy 
conditions (17) and (18) and if H and K are different from T^ero, any fundamental 
system of solutions ^"', y''\ j'^' of (19) defines a net, periodic of period j under the 
Laplacwm transformation, of which the most general net of period j is a projective trans- 
formation. Conversely, any non-degenerate net of period j, defined by (i), whose first 
and minus first LAPLAcian transforms are non-degenerate gives rise to a system of partial 
differential equations of the form (19) whose coefficients satisfy the conditions (17) and (18). 

The invariants of the system defined by equations (17), (18) and (ig) are given by 



S = B, 



< 



(20) 



1+^^, ^■==|(^''/^4--i,. + -L), 



and the covariants are 

(20 a) t = y.— 



,A"'- "--■• ,B'- 



S 2- 

The seminvariants and invariants of the Laplacian transforms. 

We shall now list "), for later use, the seminvariants of the first LAPLACian 
transform. Thev have the form 



-^'o 



'B' ^ 5^"5L^'' 



f]' 



(2.) ■" }A" ',B< "■-jB' 

I -i': = B, B" = — a;, 

\'^'-~ TL?" ~ A- + B-~B--\ + t\j^' + Tj " T 



s (4j), I'oi- llie general formula:. 
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The invariants ") arc found to be 



(22) 



'—a 


B, 
i'B ' 


-■-fl^' 


« + y + 


r; = B, 





-^-m-^- 



E" = 0, // = A"B, K_ 



For the minus first LAPLACian n-ansfonii we tiLive ' ) 
^_, = — *,, B_, = A", 

I _ . \-A':, a:- b.. b-1 2 \a: b.t 



,A" ' 



rU'+Tj- 



(23) \r' ' I A'. „ . ' , ' \ : < \'< I ^.1 



- A'-., 



„, ^ -4;:,, _ <: , ■ IX, B-i 



(M) 



i\A" B \' 



. = irS-5'l. 5'-. = -";-.^- '^:..=-;-(-^"«+i^^+i 



3B 6^^"'" 



Tlie invariants and seminvariants of the first [.APLACian transform may be expresst 
intcrms of A" and 5, by equations exactly analogous to (17) and (20). Moreovc 
there exist conditions between A"^ and B, analogous to (18). The same thing is ir' 
for the minus first LAPLACtan transform. Thus it may be verified analytically that ai 
one of the three nets may be considered as the original net and that the other t\ 
would then be its Laplacud transforms. 



") loc. cit. •), equ,itions (46), (46^)- 
■3) lo>:. cit. '), equations (5°)^ C50> ()^)' 
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S3- 

The oscillating conies of the three nets. 

Substituting the valines of the invariants as given by (20) in eqLiations (10) and 
(n), we find tlie equations of the conies wliich osculate the curves v -.^^ const, and 
H = const, respectively at P , to be 



U^^^ + ilX^. 



(25) 
where 

(26) 



2A"\ ' ' ' ' ' 



j, _ 2 ij„„ __ ^Bl A'l _ 4 A';' 



We can write down immediately the equations of the conies osculating the two 
curves of the -r-net which pass through P,, referred to a local coordinate system de- 
termined by the quantities 1 and the covariaiits of the <7-net which correspond to the 
covariants p and -j of the ;'-net. This coordinate system has the same triangle of re- 
ference as the local coordinate system of the j'-net, but its sides are taken in different 
order and it has a different unit-point. We shall therefore have to transform the equa- 
tions of the conies to the local coordinate system of the y-net before we shall be in 
a position to compare them with the equations (2;). 

Let x\", x'^'', x"' be the coordinates of any point referred to the local coordinate 
system of the point P^ of the first LAPLAcran transformed net. Tlien the equations of 
the osculating conic of the curves v = const, and u ^^ const, of the fr-net which meet 
at P, will be 

C M, = S^ x'f + 4 S, SB; x';' x^" — 2 «, x\'^ x'," -j- fp, x';'' = o, 

^^ ( w, = ']f,x['^" + 4i(i',9t>';';c';' + n';'xf — 2%'^x['^x^^'* =.-. o, 

where 9, and i/^ are defined by formula analogous to (n). We wish to find the 
equations of these conies referred to the local coordinate system of the _y-net. 

Let y^, p^, «! represent the three covariants of the first LftPLACian transformed 
net in its canonical form, corresponding respectively to y, f, 1 for the original net, 
as defined by (20fl). Wc have the relation '^) 

(28) ' = >»., 

where 

X ^ const. yA"H. 
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Making use of the equation (38) and (20 a) and the corresponding rekuions 
for the first LxpLACian transformed net we obtain the following equations: 

(29) >:V, = S ^P, = -^->^ l'7,:=A"f. 

We are now ready to find the equations of transformation between the two systems 
of coordinates. 

We have considered x^ , x^ , x. as the coordinates of a point referred to the local 
coordinate system of the y-net and x\'\ x'f, x['* as the coordinates of the same point 
with respect to the local coordinate system of the fr-net. Therefore we must have 

Making use of equations (39) this reduces to 
whence 

(30) »-<'." = x,, .,,<'." = Bx,, ».,';' = ],«.. 

From equations (21), (22), (27), (30) we obtaui 



(30 
where 

(32) 






M, = < + - 






' JIT ■)«' ~ i'yt" ^ '^A'" ^ Ji'B ' 



In a similar manner we obtain tlie equations of tire osculating conies of the curves 
of tile minus first LAPLACian transform at P^. They have the form 



(33) 

where 

(34) 



1 Af__, 



' S- > ';BlB'~'~ 2A"i 
. , , 2 TA'l B.-l 



y~'~ Ts~ TjP Ya" ^ ja" ~^ 9 A" b ' 

Tiie developments of tiie nest section show tiiat in view of our choice of arbi- 
Srary functions and constants this may be considered as tile most general set ( f six 
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PLAHE nets periodic of period 3 UNDER THE lAPLAClAN TRANSFORMATION, 11 

conies where one is tangent at eacli vertex of the triangle of reference to each of the 
two sides through that vertex. Six conies so related are not in general linearly de- 
pendent. 

Let A represent the determinant of the sixth order formed by the coefBcients of 
the conies M, N, M^, h\, ^^-,^ ^-, respectively. It may be reduced to the form 

i = ~A''B\a..\, (/,?■= I, 2, i), 

where 

«., = /!■■(■ - I!-f__,i_„)^§, + A] - B{,<p.., + A"^_,), 

v.T,. I »[< I BITA': Bl , r j; 7J-] 

-■^ "''l^^ + Tjb^ + ^ifJ' 
"■. = - -^ * - ■* "b' + 'li J " "-{-I' + '-s\ ' 

a., — B - A" -[■ A" B't_,'i^, — ^""811,+,, 

Since neither family of our net may be straight lines, A" 7^ o and B ^ o. Hence 
the condition that the curves be linearly dependent is \d..\ = o. Three special cases in 
which this condition is satisfied are A" =^ B, A" = i-jB', B = i/A"', from which 
follows respectively, using (16), (22), and (24), /f = A', H^ = K^, ff_, = K_^. 

Since we may choose either of the three nets as the original net, each of these 
three cases mean the same thing, viz., equal Laplace-D.\rboux invariants for the 
original net. Professor Wilczynski '") has shown that in this case the conies M^ and 



'5) B. J. WiLCZYNSKi, Ober hliicluii mit iiiweslimmUn Direklrixhirven [Maihumatische Aniialeii, 
Bd. LXXVI (1914), pp. i2Chi6oJ. 
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N_^ coincide and the net may be considered as the stereographic projection on the 
directrix plane of the asymptotic curves of a surface with indeterminate directrix curves. 



S4- 
Determination of these nets by boundary conditions. 

The two invariants A" and B, in terras of which all of the coefficients of the 
defining system of partial differential equations arc expressed, satisfy the two partial 
differential equations of the second order 

) dudv "-*^ ^ 'A"'^ B ' 
^^^ iMogB„^„ t . 

If we make the substitutions 

(35) J. = log A", J, = log B, 

we transform (18} into 

1 dudv '~ "^ ' 



(30 



\dudv " 



It is easy to see that all of the derivatives of the form 

(37) VT-/'a' (^7^o> f^T^o) 

may be obtained from (36) in terms of derivatives of lower order while the values 
of all the derivatives of the form 

remain arbitrary. Consequently a simple application of familiar existence theorems 
teaches us that (36) has analytic solutions y^ and y^ which, for v ^^ v^, reduce to 

(38) ,. = iogj" = t;,(.<), ,. = log B = [/,(»), 

where [/, and U^ are arbitrary analytic functions of u alone, while for 11 := w^, y^ 
and y reduce to 

(39) y. = ^,(''), 7.= ^'.(»)> 

where V^ and V^ are arbitrary analytic functions of v alone, and where, of course, 
we must have 

C40) ^, ("J ~ f", (y„)^ ^. (1* J — f . (^.)- 

The four arbitrary functions, each of a single variable, which we have ai our 
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disposal may be chosen so as to make a curve u ^^ const, and a curve v = const, of 

the original net, a curve v = const, of the first LAPLAcian transfovmed net and a 

curve u ^^ const, of the minus first LAPLACian transformed net coincide with four 

arbitrarily chosen curves. We shall now prove this statement and show further that 

the net will then be uniquely determined except for six arbitrary constants. 

We first recall a fundamental theorem of the projective differential geometry "^) 

of plane curves. Let yX^\ J'sC^)) J'-W ^^ homogeneous coordinates of a point P 

which describes a non-rectilinear, analytic, plane curve as x varies. Then y^, j^, y 

are linearly independent solutions of a linear homogeneous differential equation of the 

third order, viz: 

, , d^y , d' V , dy , 

(4.) ^^; + lt.j-,i + 3P./^+P,y = o, 

whose seminvariants 

(42) p^^p^-f^—p\^ P,=p-, — ^p.p.-^2p[ -p'; 

and invariants 

(43) ^ = -P, " 7 p> • ^\ = ^ ^ "" — 7 ('';)' ~ 27 P, e; 

may be determined as functions of x if y, , y^, y are given. 

On the other hand, if two arbitrary functions "j^x) and "-'^(x) be given there 
e\.:.t^. . curve wbiSL iLv.,.i.,u^., ^ .ii.i., -^ ;ir> jispi-ciivcy ;;qu.ii 10 ibeae gjvtn func- 
tions and this curve will be uniquely determined except tor projective transformations. 
In particular, if 6^ = o the corresponding curve is a conic. 

If we differentiate both members of the first equation of (19) with respect to u 
and then eliminate y^ and y^^, we obtain the following equation: 

(41 ") y,„..-\- 3 ?,?„„+ 3 5,}'. + ^-.y ~°, 

where 



_ JJ. _ 






^:;„ , I A", A", 


J A':' A'^B, 
27^'" + iA"B~ 


}J'"B 



If we put V — v^ in the coefficients, (41 a) is the differential equation of the curve 
V ~v^ oi the original net. For v = v^, y, A" and B are functions of u alone and 
this may be regarded as an ordinary differential equation. We compute by formuls 
analogous to (42) and (43) the invariants 0.(11) and 6„(m). After making the conve- 
nient substitution 

[/,(») = log ^", t7,(«) = logiJ, 



'^) E. J. WiLCZVNSKI, PiojecSivi Difirential Giomdry 0/ Curve! and HnUd Surfaces (Leipzig, 
'I'eubner, ii)a6J, pp. 58-61. 
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tliey take ihe form 

( '>-, — jS— ^^ K — 9 ^"' + 27 y;' ^[-t9^AK-\^ 'S U^ U'l 
(44) \ -f 4([;;' — 0;') -t- (; u; u^u; - u\) — 54], 

( fj^ = 6 0^ (1;' — 7 0'^= — 27 o, 0^ , 

where 

Q^ = -^(3 [7^' ~- [/';■ ~ u; [/; - u;'). 

In a similar manner we obtain llic invariants for a cmve v = i\^ of tlie minus 
first LAPLACian transform in the form 

( e*-" ^ -'-[9 v;' 4- 18 u'^' — 18 u\ v; — 9 [/; u[ — 27 a'^ t/;' 
C4J) ' " , + 4(U'; - u'j) + 6 [j; [/;([;; - u:) ~ 54], 

( e^-" = 60'-''o'_-»" — 7(9'-'*'y — 27 2l-"(ft^-"y, 

where 

Qff" = -'-(3 u;' _ u;' — u[ V[ ~ v['-). 

The tiieorem concerning the existence of solntions of (36) assures us that U^ 
and t/, may he chosen as arbitrary functions of w. We shall now prove that these 
arbitrary functions U, and U^ can be chosen in such a way as to mal^e the curve 
Ti = i)^ of the original net and the corresponding curve v ^=: v^ of the minus first 
LAPLACian transform coincide with two arbitrarily chosen non-rectiiincar analytic curves. 

Let C be any analytic curve, not a straight line, and let equation (41) be its 
differential equation with respect to any independent variable .v to which it may be 
referred parametrically. Let 9 1:3: (p (j;) and 0^ ^3 ©^ (;>:) be the values of its invariants 
as functions of x. Further, let C_, be any other such curve having a differential equa- 
tion analogous to (41) referred to another variable ^ as a parameter. Let 'i'~" — ?'r"(0> 
G^''' = 'ps~''(?) be the values of its invariants as functions of t If the curve v =: v^ 
of the original net and the corresponding curve v =^v^ of the minus first LftPi-Acran 
transform coincide with C and C_, respectively, it must be possible to determine ;( 
as a function of x and ? as a function of x, and consequently h as a function of ;, 
so that the equations 

».(«) = T.W. 
«',""(») = !>',"" ©• 

\9'.-"(«) = ri-"©, 

■will be identically satisfied. 

Conversely, if equations (46) are satisfied the curves C and C_^ will be projcc- 
riveiy equivalent to the curves v =: v^ oi the original net and of the minus first La- 
PLACian transform respectively. By choosing the fundamental system of solutions of 
the differential equation the curves may be made to coincide. 

To reduce tlie order of the differential equations which will appear in this pro- 



(46) 
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blem we make the subslitution 
(47) "•=V[, l=K 

in (44) and (45). Substitnting then the resulting expressions for , S^,, 0'~'', 6j~'' in 
(46) we find that the differential equations to be satisfied by y, :j, ti and ^ as func- 
tions of X have the form 

+ 2(.. - i)(2w + i)(w + 20 - 54 = >4?,(-<), 
■i"?, (''f-X id! 

dJi^-''[-dr^) -^[dT,- 

d'vj , nd'X r , -. dii' d7 

^J¥+'''3V-~'>^"' + ^^-dT-'-""di 

+ 2(«. - l)(2.„ + dC"- + 2O - S4 = S41>',-"®, 

dw 



(48) 



'i — i'jt', = ?.w. 






-n-d-^ 



~ -^ zu:{- 



•'&■ 



If C be not a conic, so that (p (^x) ^ o, we can, by a suitably chosen transfor- 
mation of the independent variable jc, make '^ Ax) =^ i '^) and similarly for <c'~''(^)- 
Assuming these transformations made and using x as the independent variable in all 
of the differentiations which occur iu equations (48), we may write the equations in 
the form 





— 18- 


d 


-du 
dx 


- 


du 


1 

■>d 


r di 1 dw 

1 dx I , dl , , 


dt 






Jx] 
+ 

d 
^dx 


dx L'T'J''' Tx 

2(,l, - OC™ + 20(2»' + - loS = ", 


Tx 


(49) 


d 

''dx 


dx 
'dn 
dx 


I 
di 
dl. 




7.- 7V -'("" + ';) 77,-- 

Ji J dx dx 


d% 

dx 

'^T"-d-n 

dx 




+ 
d 

n~x 


2(.«- 
-dw -1 

J7 


0(»'+2?)(2«. + 0-'o8 = O, 

-K + "i + !;■) = -y?r (5)- 




' 








d'i 









") \oc. cit. 'Sj, p. 61. 
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Using the s 
final form 



ind and fourth equation to reduce the first and third we obtain the 



[7"»+24« 



,?+o-=--rf- 



(5") 



= [3(» 



[> 



:' — io8- 

di~Tx 
wt + i) 

io8- 



= (>" + 0("'' + «'l + t')- 






"We have in (50) four differential equations of the first order with four dependent 
variables w, ;^, m, and z, and the independent variable x. According to the well known 
existence theorems for ordinary differential equations there exist four integrals involving 
the variables and four independent arbicr^iry constants from which can be determined 
tf, ;(, u and \ as functions of x and the four constants. 

Inasmuch as the variable u itself does not occur in system (jo), but only its 
derivative du/dx, u~\~k will satisfy the same system as that satisfied by if if k is an 
arbitrary constant. This constant may be chosen equal to zero without loss of gene- 
rality by fixing arbitrarily the origin of the w-scale. 

Let us select a point u = u^ on the curve C. Since the point P must be on 
the line tangent to the curve C at P , it can occupy only a single infinity of posi- 
tions. If the curve C_, is prescribed, the position of the point P on the tangent will 
thereby be determined thus giving to a single relation between the three remaining 
arbitrary constants arising from the intcgratiun of cqumous (jo). 
We have further 



so ihat 



U[ r-.-- lU, 
U^ --- / u-du -\- const., 
whence, in view of (^4"]), 



V[ --= , 



-/^ 



d u 4- eoust., 



A" = 



,/- 



Hence the functions U,(m) and t7^(M) are determined except for foLir arbitrary 
constants. In a similar manner we determine two functions 



r,(.) = 



involving four arbitrary constants by nii 
curves u = 11^ of the original net and i 



v.(-) = ^, 



s of the invariants of the arbitrarily chosen 
~ H of the first LAPLACian transform, and 
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by choosing a definite point of tlie tangent as the position of the point P^ of the 
first LAPLACian transformed net wliich sliail correspond to P . By ineans of the con- 
ditions. (40) the eight constants reduce to six. 

Two of the arbitrary constants occur in Ayj" and BJB, two in J'_'/A" and 
BJB; the two remaining are factors respectively of A" and B. 

We see by inspection of (ji) and (33} that the conic M, contains three of these 
arbitrary constants in its coefficients while tlic conic N_^ contains the other three. 
Since the conic N'_, must touch at P^ the line tangent to the cluvc C at P^ and since 
all such conies form a 3-parameter family, we may think of the determination of the 
three constants as corresponding geometrically to the selection of a specific conic of 
this 3-parameter family as the conic A^_,- In a shnilar manner we determine a conic 
M, and the other three constants. 

We consider now the case when tp,(x) = '^~'(V) = "j i- ^-j when the curves ol 
the nets are conies. From (48) wc find in this case 



(48 «) 

where 



r,d'w d'l , dw . . , di , -, , 



Subtracting the corresponding members of the second equation from those ot the firt 
and integrating the exact differential thus formed wc obtain 

, -. dw di , ^ 1 2 1 

C51) ~^17,~^jt'T~^ +4^1+1 +':, =0, 



where c, is the constant of integration. Prom equations (\^a) and (51) we obtain, 
after performing a quadrature, 

('"' 'p ^ir--]"= ("" ~- ^^' + '"■(■" '-■ ^y + ""^t'° - '^'> + '■ 

showing that in this case lu — ^ may be expressed as an elliptic function of u. The 
additive constant of integration which occurs may be chosen equal to zero without 
loss of generality by properly selecting the origin of the M-scate. We have then as a 
solution of (51) and (52) w and ^ ^s functions of u and three arbitrary constants. 
The determination of these and of the remaining constants of integration may be made 
as in the more general case discussed before. 

We have obtained, therefore, the following theorem : 

Choose an arhilrctry triangle LMN. Through the point L pais two non rccliii'ictti- 
but otherwise arbitrary analytic curves C and C tangent to LN and LM respectively 
at L. Through each of the points M and N pass another such arbitrary carve, C\ through 
M and C_, through N, tangent to MN at M and N respectively. Select any conic M, 
tangent to LM at M and a second conic N_j tangent io LN at N. There exists 0." 
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and only one net periodic of period j under the LAPLActnii transformation which contains 
C and C, which has C_, corresponding to C and C' corresponding to C as curves of 
the minus first and first Laplacmm transforms respectively, and which moreover has M, 
as the osculating conic of the curve of thi first LAPLACirt/t transform corresponding to C 
and N_^ as the osculating conic of the curve of the minus first L/iPL\aan transform 
corresponding to C. 



§ s- 

Nets of conies whose Laplacian transforms are coincident straight lines. 

Tlic special case wliich arises when liie conditions 
(53) H=K-=» 

are added to ® 1= E" = o is of great interest in connection with the theory of sur- 
faces and has been studied in its general aspects by Professor WiLCzyNsxr. We shall 
discuss in considerable detail the still more special case, when all of these conditions 
are satisfied and when besides all of the curves of the net are conies. 

Since a net for which H = K ^=: o has degenerate LAPLACian transforms '^), it 
is not justifiable in this case to speak of the net as being periodic. We interpret geo- 
metrically the conditions E ^= ©" = o as follows. 

If E =;£";= simultaneously with the conditions (53) the two curves into 
which the transformed nets degenerate become straight lines and are coincident. In the 
first place the conditions '^). 

gt">ff_{_r'S;:- &'X~ o, S9=7/+58E„ — ES8„ = o 

that the degenerate LAPLAcran transforms be straight lines are identically satisfied on 
account of (53) and (12). To show that these two lines coincide wc return to the 
fundamental geometrical interpretation of the conditions E = E" ^ o "). If E = o, 
the curve described by P, as P moves along a curve v = const, is such that Its 
tangent at P passes through P^. If E" ^^ o, the curve described by P^ as P, moves 
along a curve u ^= const, is such that its tangent at P^ passes through P^ . The tan- 
gents to the curves of the LAPLACian transforms in our case are the two straight lines 
themselves and they have the points P and P, in common. 

The form of the coefficients of the system of partial differential equations which 
satisfy the conditions 

E ^ E" = 0, H^ K 



' ) The f-net and a-net each degenerate iiilo 
direct transforms. See loc, dt, '), pp. 490, 495. 
'3) loc. cit. '), equ^itions (54 ra), (j4 f'). 
"") loc. cit. '), p. 506. 
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has been determined by Professor WiLCzYNsKf "'). If in particular we assume H=:K = o 
wc must equate to zero the quantity k which occurs in his formulae and we obtain 
the equations 

=. - -'t , l! = ~2f, C = ?--i - J', + -i, , 

"« ;,' J.,' 99 3 

\ 3? 3T 9? 3 

where 

t5s) T = r([;-+T) '• 

U and Z' being iifbitrnry functions of K alone and V alone respectively. The invariants 
have the form 

/ » = — 2?, K = o, 

(56) )ar = i, S' = i^, E' = tf, 

^a" = — 2.., K" = o. 

The condition that the curves v = const, and the curves ;( = const., respectively, 
be conies '^) may be written 

i J ^"4. — 4<i — 6/('.4"4 + 6^""Ji: = o, 
where o and i are defined hy (11). Mailing use of equations (53), (54), (56) the 
first equation of (jy) reduces to 
, g, 3'log(f .3 log If ylogtp 



(57) 



(59) ^ " ^ 



Prom (jj) we obtain by differentiation 

il - -Lf-!^' - 2 "-1 

» ~ 2 L"'" u + f.r 

) S^bgj _ I r U'" _ U" • 2^[^ _2 cr^ T 

( 8«' "VLu'" u" u + F'"{u'+ vyi' 

Substituting the second nienibers of (^^c)) in (58) we obtain the equation 

fjU, ui = o. 
where 



^') loc. cit. 'S), p. i}9, equations (35). 
•') loe. dt. 'i), p. i,i. 
"a) loc. cit. '), p. 507. 
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denotes the ScHWARzian derivative of U witb respect to u. This gives on integration 

U = c,tan{e,« + + c^, 
where c , c^ , c , c are the constants of integration. In a similar manner we find 

We may make the further transformation of tlie independent parameters 

without disturbing the canonical form indicated by the form (54) of the coefficients ^*). 
Thus we may write 

( U = c.tan K -f- c , 

Substituting (60) in (55) we find 

I ]^c.d c /rf,sec iisec v 

9 = -J- rf ' 

c tan ti -j- d tan - 'v -[- c -\- d 

which reduces finally to the form 



(6t) 



J VPJ_ 

2 p sin u cos qv -j~ cos u sin q v -j- r 



wliere p — cjd,, q =:z —'- , r = (<:^-\- d^^)/d, are the three independent arbitrary con- 
stants remaining. 

Thus we see that there exist precisely co' projeclively distinct classes of nets which 
are composed of conies and which satisfy besides the four conditions //=:/r=S = (£"^:o. 

Let 
(62) A(h, v} = jisin I! cos qv -f- cos ;; sin qv -\~ rcos ucos qv. 

We may write our seminvariants (54) in the form 



3i' 



(,3) ^'=--, ^'■ 



.til 



c = 




c ^ 


4„„ . 2d„i^ 



\a-^~- tPA. B" = ^'^ C" = - ^ 4- 5^ - ^i"'^'* 

On the other hand, if wc consider a system of partial differential equations whose 
coefficients are defined by {62) and (6?) we find the conditions H.=^Kz=l'S.^:^%" =zo 
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and the integrability conditions identically satisfied and besi 
three independent solutions of such a system is a net of c 
We proceed to integrate the system of partial difTen 
First we make the transformation 



des the net defined by 

ics, 

ial equations of the net. 



'=-m' 



on the system with coefficients defined by (63). Indicating by a, h, c, etc., the coef- 
ficients of ihe transformed system, we have 



" i" ' '^ ""'a' ' "i" ' '^ 


=P=7=7=?- 


We have then to integrate a system of partial differentia 


equations of the form 


L.-'ty--'^., 




('54) 5'.. = », 









■where A is defined by (62). We find the following three linearly independent solu- 
tions of this system 

I . p , ip 

I y^ ■=. sm u — — cos M -j — ^- cos qv, 
\ ^ r qr'^q 

(^5) q)/pq I 

I _y, 1= - — -' cos u -\~ sm qv cos q v, 

The equation of the family of curves v = const, has the form 

(66) Ug'^! + (f' + O< + [0'' + Osin'gT> — 2rsingt'cosg^4-cos'^^'-j)^i]x; 
I -\- 2 Yp^^ x,x^ — 2 Yp^ q^siaqvx^x, — 2 [(5' -|- r') sin qv — r cos 5 v] x^ x = o, 

and for the family of curves u =:= const, we find the form 

(67) H'C''°+0^;+?^^ + 9'|('-' + i}sin';/-2j>rsin«co5!i+J)=cos'«~-^|x; 
{-\-2qypqx^x^ — lYpq^mux^x. — 2 q' [(r^ -|- i)sin u — pr cos u^x^ x ^^ 0. 

The line :)c^= o is at the same time the first and minus first LAPLACian trans- 
forms. 

It is possible to determine (except for projective transformations) a net of the 
kind under discussion by choosing an arbitrary line as the LAPLACian transform and 
two arbitrary conies as curves of the net. We shall need the equations of the curves 
of the net referred to the local triangle of reference P P P^. Hence we make the 
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